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Abstract
Fixed-angle chains have been used to model protein
backbones [4] and robotic arm motions [5]. Benbernou
and O’Rourke proved several structural theorems for
ﬁnding the maximum 3D span of ﬁxed-angle chains: the
largest distance achievable between the two endpoints
[1][2]. Borcea and Streinu used diﬀerent methods to develop an algorithm which computes this span for any
chain in polynomial time, and for chains with equal
angles greater than or equal to π/3 in linear time [6].
We use Benbernou and O’Rourke’s most general structural theorem to develop a new algorithm which also
computes the maximum span for any ﬁxed-angle chain
and the conﬁguration in which this is achieved. Our
algorithm is purely geometric in nature, meaning that
it consists of only straight-edge and compass constructions together with some list-keeping. The algorithm
has complexity O(n2 ) for any chain with equal angles,
known also as α-chains. We do not claim that it runs
in polynomial time for all chains but discuss why it will
do so for those likely to be used in any modeling application.
1

Introduction

Fixed-angle chains consist of serially connected line segments, each attached to its predecessor at an angle
0◦ < αi < 180◦ but capable of spinning at the joint
while the angle between the two segments remains constant. Soss proved that ﬁnding the maximum span of
ﬂat conﬁgurations of the chain is NP-hard, but showed
that the 3D maxspan is not always achieved by a ﬂat
conﬁguration [3]. Benbernou and O’Rourke primarily
focused on the maximum 3D span for restricted classes
of chains. They conjectured that all α-chains are solvable in quadratic time and our results verify this (it
is possible that Borcea and Streinu also show this for
chains with α < π/3 but we are not aware of this result). Our algorithm directly depends on their n-Chain
Partition Theorem which we state after introducing notation, most of which is consistent with [2].
Let a chain C have vertices (v0 , v1 , . . . , vn ). The ﬁxed
joint angle is αi = ∠vi−1 vi vi+1 . We denote link i (the
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line segment vi−1 vi ) as Li . A ﬂat conﬁguration for C
is one in which all vertices lie in the same plane. The
zigzag or trans-conﬁguration is the ﬂat conﬁguration in
which the direction of the joint turns alternates. The
chain C is in maxspan conﬁguration when it is positioned to maximize the distance |v0 vn |. We refer to the
position of vn in maxspan conﬁguration as the maxpt.
Theorem 1 (n-Chain Partition Theorem) [2] The
planar partition for an n-chain C (described below) in
maxspan conﬁguration has the following two properties:
1. The vertices shared between adjacent planar sections all lie along the line L through v0 vn .
2. The last planar section cannot contain just one link
vn−1 vn .
This implies that in maxspan conﬁguration the vertices v0 , v1 , v2 and vn all lie in the same plane. Furthermore if the maxspan conﬁguration is not ﬂat, then the
vertices can be partitioned as follows: “Group v0 , . . . vi
into one section if they lie in plane Π1 , but vi+1 does not
lie in this plane. Then group vi+1 , . . . vj into a second
section if they lie in plane Π2 �= Π1 , and vj+1 does not
lie in Π2 . And so on” [2]. The vertices v0 , vi , vj and vn
all lie on the same line, and therefore all lie in the plane
Π1 . See Fig. 1.

Figure 1: A 12-chain in maxspan conﬁguration. Here
vertices v0 , v2 , v4 , v6 , v8 , v10 and v12 are collinear.
Our search for the maxpt begins by laying out C in
the zigzag conﬁguration mentioned above. Note that
some chains will be self-crossing when laid out this way
and may possibly be self-crossing in the maxspan conﬁguration as well. While these chains may not be of
practical importance our method does not exclude this
possibility.
The idea behind our algorithm is to search for the
maxpt by systematically allowing the links to rotate out
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of Π1 beginning with Ln , then Ln−1 , etc. At each step
we observe which points in Π1 are reachable by vn under
all possible rotations of the free links. We then identify
those points which could conceivably be the maxpt for
C and exclude the rest from further consideration. At
each step new points reachable by vn will be found, and
points found in previous iterations may be excluded.
2

2. The points vn and vn (n − 1) lie on opposite
sides of Ln−2 . Then Ln−2 extended goes through
the circle created by the rotation of Ln . In this case
the arc endpoints on one side are vn (n − 1, n − 2)
and vn , with endpoints vn (n − 1) and vn (n − 2) on
the other.
We illustrate these cases in Fig. 3.

The subchain Cn−4 = (vn−4 , vn−3 , vn−2 , vn−1 , vn )

We begin by allowing Ln to rotate out of Π1 about Ln−1
while maintaining a constant angle αn−1 at the point of
attachment vn−1 . As it does so, the locus of vn is a
circle orthogonal to Π1 centered at the projection of
vn onto Ln−1 extended. This circle intersects Π1 in
the original position of vn and in it’s reﬂection about
Ln−1 . We denote this reﬂection vn (n − 1). See the
circle in Fig. 2. Note that for the subchain Cn−3 =
(vn−3 , vn−2 , vn−1 , vn ) the maxspan is |vn−3 vn | and is
achieved in the trans-conﬁguration [1].
Now allow Ln−1 to rotate similarly about Ln−2 while
also allowing Ln to rotate about Ln−1 . The points
traced by vn in this process comprise a partial sphere
with center vn−2 and radius |vn−2 vn |. The intersection
of this partial sphere with Π1 is two circular arcs, each
also centered at vn−2 with radius |vn−2 vn |. See Fig. 2.

Figure 3: The two cases for arc endpoints following rotations of the last two links in the chain.
We are now in a position to ﬁnd the maxspan of Cn−4 .
Note that we can do so without taking into account the
points generated by the rotation of Ln−2 at vn−3 . This
rotation would move any point on the partial sphere in a
circle about Ln−3 , with each point on the circle remaining equidistant from any point on that line, speciﬁcally
vn−4 . So none of these new points would be farther from
vn−4 than the points on the two arcs.
To ﬁnd the point on the arcs farthest from vn−4 we
use the following basic facts.
Lemma 2 Let C be a circle with center B, let A be an
arc on C, and let P be a point in the plane of C other
than B. The line P B intersects C in two points. Let
Q be the farther of these points from P and let S be the
closer. Then
1. the farthest point on C from P is Q and the closest
such point is S.

Figure 2: The circle generated by vn from the rotation
of Ln , the partial sphere generated by vn from the rotations of Ln and Ln−1 , and the arcs which are the traces
of the partial sphere in Π1 .

2. if Q is on A then Q is the farthest point on A from
P . If Q is not on A then the point on A closest to
Q is the farthest point on A from P .

The endpoints of the two arcs merit further discussion. These are reached in a ﬂat conﬁguration of the
chain while the interior points are reached when Ln and
Ln−1 are rotated out of Π1 .

3. let f be a distance function from P to the points on
A, traversed from one endpoint to the other. Then
f is either
(a) Decreasing with a maximum at the starting
endpoint.

Observation 1 Assuming again that C is in transconﬁguration there are two cases.
1. The points vn and vn (n − 1) lie on the same
side of Ln−2 extended. Then this line does not
pass through the circle created by the rotation of
Ln and these are the arc endpoints on one side.
Their reﬂections about Ln−2 are the arc endpoints
on the other side which we denote vn (n − 2) and
vn (n − 1, n − 2).

(b) Increasing to a maximum then decreasing.
(c) Increasing with a maximum at the terminal
endpoint.
Lemma 3 Let l be a line, P and Q two points not on
l, and Q� the reﬂection of Q across l. If P and Q are
on the same side of l, then |P Q| < |P Q� |, otherwise
|P Q| > |P Q� |.
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We now use these to ﬁnd the maxpt of Cn−4 , the farthest point on the arcs from vn−4 . Since one of these
arcs is on the same side of Ln−2 as vn−4 , all points on
this arc can be eliminated by Lemma 3. Now consider
the ray vn−4 vn−2 . If this ray intersects the remaining arc then the point of intersection is the maxpt by
Lemma 2, with maxspan equal to |vn−4 vn−2 |+|vn−2 vn |.
Otherwise the maxpt is an arc endpoint. If the ray
passes to the left of the arc (when viewed from Ln−2 )
the maxpt is the left-hand endpoint, otherwise the right,
again by Lemma 2. The second case is illustrated in Fig.
4. The chain shown is a 4-chain so this is the ﬁnal step
in the algorithm.

Figure 4: The ray v0 v2 passes to the right of the upper
arc so the maxpt is v4 (3, 2). The maxspan conﬁguration
is ﬂat and is achieved by ﬁrst reﬂecting L3 and L4 about
L2 , then L4 about L3 . The maxspan is |v0 v4 (3, 2)|.

as Rn−3 . Some of the arcs in this envelope are shown
in Fig. 6.

Figure 6: The envelope of arcs generated by the rotation
of Ln−2 about Ln−3 .
The shape of these arc envelopes is determined by
repeatedly applying Observation 1. If P and P � are on
the original two arcs and symmetric about Ln−2 , then
the arcs generated by the circle containing these points
depend on whether P and P � are on the same or diﬀerent
sides of Ln−3 . For the chain in Fig. 6 all points on both
of the original two arcs are on the same side of Ln−3
extended. When this is not the case Rn−3 can take on
diﬀerent appearances as in Fig. 7 below.

To illustrate the ﬁrst case start with the chain on the
left in Fig. 4 but with L1 a bit shorter so that the ray
v0 v2 intersects the upper arc. This intersection is the
maxpt and the maxspan conﬁguration will occur with
L3 and L4 rotated out of Π1 . See Fig. 5.

Figure 5: The maxspan conﬁguration with links L3 and
L4 rotated out of Π1 . The maxspan is |v0 v2 | + |v2 v4 |.

Figure 7: The boundary of an envelope of arcs when
Ln−3 extended intersects one of the original arcs. P
and P � lie on the same side of Ln−3 so are on the same
arc. Q and Q� do not so Q and Q�� are on the same arc.
Regardless of appearance in every case Rn−3 has the
following properties:

3

The subchain Cn−5

1. Rn−3 is symmetric about Ln−3 extended.

We have seen that the set of points reachable by vn
under all rotations of the last two links is a partial sphere
whose trace in Π1 is two arcs symmetric about Ln−2 .
We now wish to describe the points in Π1 generated by
the additional rotation of Ln−3 . Referring again to Fig.
2 the partial sphere consists of a set of circles orthogonal
to Π1 centered on Ln−2 extended. When rotated about
Ln−3 each of these circles will generate another partial
sphere whose trace on Π1 is again two arcs, this time
symmetric about Ln−3 . The result is an envelope of
circular arcs. We will refer to this set of points on Π1
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2. Rn−3 consists of two regions on either side of Ln−3 ,
each closed and bounded by circular arcs.
3. Each of the eight points in Π1 reachable by vn is an
endpoint for an arc on the boundary of Rn−3 . If the
line containing Ln−3 intersects one of the original
arcs there may be additional arc endpoints on this
line.
Looking ahead we observe that when Ln−4 is allowed
to rotate it will result in Rn−4 , the “envelope of an envelope” of arcs, with Rn−3 ⊂ Rn−4 . As the complexity
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of Rn−k increases with each subsequent link rotation we
need a way to keep our search for the maxpt as simple as
possible. The next result is dedicated to this purpose.
3.1

Trimming

the center of a boundary arc parallel to Ln−3 intersects
the arc, then this intersection becomes a new arc endpoint. Portions of the arc below this line are excluded
as are any arcs completely below such a line. We refer
to this process as trimming the boundary arcs.

In this section we characterize the points in Rn−3 , n ≥
5, that could possibly be a maxpt. For this purpose
we deﬁne the “outer” boundary arcs (or arc portions)
of Rn−3 . Let T be a line orthogonal to Ln−3 which
intersects Rn−3 . By symmetry there exist two points
on T in Rn−3 , one on each side, farthest from Ln−3 .
The set of all such points form the outer boundary arcs
which we denote On−3 . The arcs in On−3 are shown in
bold colors in Fig. 8. The next theorem allows us to
exclude all points in Rn−3 except those in On−3 from
further consideration.
Theorem 4 Only those points on On−3 can be a maxpt
for n-chains with n ≥ 5. Furthermore, only these points
can generate arcs via subsequent link rotations that could
possibly contain a maxpt.

Figure 8: The only points in Rn−3 which can be a maxpt
for any chain containing Cn−5 lie on the outer boundary
arcs On−3 .

Proof. Let Q be a point on the interior of Rn−3 . Then
there exists a circle C centered at Q in Rn−3 as well.
Since the line v0 Q intersects C at two points, one of
which is farther from v0 than Q, Q is not a maxpt.
Now let Q� be the reﬂection of Q about Ln−3 , Q�� the
reﬂection of Q� about Ln−4 , and D the disk bounded by
C. The link rotation about Ln−4 will generate arcs with
endpoints Q and Q� or Q and Q�� in Rn−4 . Arcs will be
generated for all points in D in a similar manner. So if
A is a point on one of these arcs there will exist a disk
centered at A which consists of points belonging to the
corresponding arcs with endpoints in D. Therefore A
will be an interior point of Rn−4 and can therefore not
be a maxpt by the preceding argument.
Now let Q be a point on the boundary of Rn−3 but
not in On−3 . If v0 is on the same side of Ln−3 as Q, then
Q cannot be a maxpt by Lemma 3. Otherwise let T be
the line orthogonal to Ln−3 that contains Q. Then T
also contains a point S in On−3 farther from Ln−3 than
Q. Now |v0 Q| < |v0 S| by the triangle inequality and Q
is not a maxpt. So only points in On−3 can be a maxpt.
Finally again let A be a point on an arc with endpoints
in D as above. Then a line through A perpendicular
to Ln−4 will contain a point in Rn−4 farther from v0
than A as in the preceding argument and A can not be
a maxpt.
�

3.2

These arguments generalize immediately to the outer
boundary arcs of Rn−k for 3 ≤ k ≤ n − 1. So in each
iteration we can conﬁne our search for the maxpt to
points on these outer boundary arcs.
The process for ﬁnding the endpoints of the outer
boundary arcs is illustrated in Fig. 8. If a line through

Finding the maxpt on On−3

We now turn our attention to the task of locating the
maxpt on the set of trimmed boundary arcs On−3 . This
is simpliﬁed by a result which, for k = 3 is a direct
consequence of Lemma 2. A general proof for arbitrary
k is omitted due to lack of space.
Theorem 5 Let On−3 be the set of outer boundary arcs
described above and let P be a point in Π1 . Deﬁne a distance function f from P to the points on On−3 (on the
side of Ln−3 opposite P ), traversed from one endpoint
to the other. Then f is either
1. Decreasing with a maximum at the starting endpoint.
2. Increasing to a maximum then decreasing.
3. Increasing with a maximum at the terminal endpoint.
This result is used to create a simple algorithm for
locating the farthest point on On−3 from any point P
in Π1 . If the farthest point from P on any arc A in
On−3 is on the interior of A then this is the farthest
point from P in On−3 . If the farthest point from P for
two consecutive arcs is a shared endpoint then this is the
farthest point from P in On−3 . Otherwise the farthest
such point is the starting or terminal arc endpoint in
On−3 .
As discussed in Section 2 the farthest point from P
on each arc A can be determined by drawing a ray from
P through the center of A. If the ray intersects A then
this intersection is the point farthest from P . Otherwise
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the arc endpoint closest to the ray is the point farthest
from P .
Algorithm 1. Maxpt Algorithm
Input: A point P in Π1 and the set of connected
arcs On−k , 2 ≤ k ≤ n − 1, including arc centers,
endpoints and radii.
Output: The point M in On−k farthest from P .

Assume that Oi+1 is known and we wish to ﬁnd Oi .
The situation is like that shown in Fig. 6 except that
there are now multiple connected arcs symmetric about
Li+1 instead of just one. Each symmetric pair of arcs is
the trace of a partial sphere. Each pair then generates
its own arc envelope when Li+1 is rotated about Li .
The outer boundary arcs of this union of envelopes is
Oi which can be found via the following algorithm. Its
justiﬁcation is given in the Appendix.

1. If the farthest point on Arc 1 from P is the LH
endpoint then stop. This is M .

Algorithm 2. Boundary Arc Creation Algorithm

2. If the farthest point on Arc 1 from P is on the
interior of the arc then stop. This is M .

Input: Oi+1 , the set of trimmed boundary arcs
(endpoints, centers and radii) symmetric about
Li+1 , and vi .

3. Go to Step 1 and repeat with the next arc. If there
are no more arcs then the RH endpoint of the last
arc is M .

Output: The trimmed boundary arcs Oi .
�
,
1. Use the Maxpt Algorithm to ﬁnd Mi+1 and Mi+1
the points on Oi+1 farthest from vi .

As an example we use the algorithm to ﬁnd the maxpt
of the 5-chain shown in Fig. 9. We work with the arcs on
the side of L2 opposite v0 . Begin with the leftmost arc
as seen from L2 . Its center is v3 and the closest point to
ray v0 v3 on this arc is the RH endpoint v5 . The center
of the next (red) arc is v2 and the closest point to ray
v0 v2 on this arc is the LH endpoint v5 . Thus v5 is the
maxpt M .

Figure 9: The farthest point from v0 on Arc 1 is the RH
endpoint v5 . The farthest such point on Arc 2 is the LH
endpoint, also v5 . So v5 is the maxpt and the maxspan
is |v0 v5 | achieved in the trans-conﬁguration.
We are now in a position to describe our general algorithm. Start with On−2 , the arcs from the rotations
of Ln and Ln−1 . In each iteration the rotation of link
Li+1 about Li creates an envelope from which we ﬁnd
the new set of outer boundary arcs Oi . Continue until
O2 is found. The farthest point M on O2 from v0 is the
maxpt and |v0 M | is the maxspan.
4

�
2. Case 1: Mi+1 and Mi+1
are on the same side
�
of Li . The arc centered at vi with Mi+1 and Mi+1
as endpoints is on Oi . Arcs or arc portions between
this new arc and Li are deleted, all other arcs are
kept. Trim the remaining arcs on each side of this
new arc with respect to Li , then reﬂect all about
Li . This collection of arcs is Oi .
�
3. Case 2: Mi+1 and Mi+1
are on opposite sides
�
across Li and call this point
of Li . Reﬂect Mi+1
��
. The arc centered at vi with endpoints Mi+1
Mi+1
��
��
and Mi+1
is on Oi . If Mi+1
is to the left of Mi+1 as
seen from Li+1 then reﬂect all arcs and arc portions
to the left of Mi+1 on Oi+1 ﬁrst across Li+1 , then
Li . These reﬂected arcs belong to Oi as do those
��
is to the right of
to the right of Mi+1 . If Mi+1
Mi+1 then the process is identical except with arcs
to the right of Mi+1 . Trim the remaining arcs on
each side of the new arc with respect to Li , then
reﬂect all about Li . This collection of arcs is Oi .

In each case only one “new” boundary arc in Oi is created on each side of Li . It is the arc of largest radius in
the entire envelope. The remaining arcs were either already on Oi+1 or are their reﬂections from the other side
of Li+1 about Li . Case 2 of this algorithm is illustrated
in Fig. 10.
5

The Maxspan Algorithm

We now give the entire algorithm.

Boundary Arc Creation

There is one part of this process which has not yet been
well described. The question is how to determine the
new set of outer boundary arcs Oi from those in Oi+1 .
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Algorithm 3. Maxspan Algorithm
Input: A chain C = (v0 , v1 , . . . , vn ) in ﬂat zigzag
conﬁguration.
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Figure 10: Creation of O2 (thick arcs) from O3 (thin
arcs) as described in Case 2. The farthest point from
v2 on O3 is v7 (4). Its reﬂection about L3 is on the
opposite side of L2 , so the other new arc endpoint is
a double reﬂection v7 (4, 3, 2). Arcs on O3 to the left
of v7 (4) are also reﬂected across both L3 and L2 , then
deleted. The rightmost arc on O2 remains as part of O3 .
Trimming with respect to L2 then occurs (separately)
on both sides of the new (green) arc but is not shown.
Output: The maximum span of C expressed in the
form |v0 vi ()| + |vi ()vj ()| + · · · + |vk ()vn ()|.
1. Initialize. Find On−2 . Record the center, radius,
and endpoints. Let i = n − 3.
2. Find Oi , the new (trimmed) outer boundary
arcs. Use the boundary arc creation algorithm.
Record their centers, radii, and endpoints. Decrement i.

arcs on each side of Oi may be one more than double
the number in Oi+1 but may also be reduced to just
one.
For α-chains the number of boundary arcs increases
linearly. We sketch the proof as follows: In Case 2
of the boundary arc creation algorithm the maximum
number of new boundary arcs per iteration (prior to
trimming) is two for all chains, not just α-chains. Generally in Case 1 the number of new boundary arcs in Oi
can be double plus one the number in Oi+1 . However
these arcs are symmetric about Li+1 and all remaining
vertices v0 , v1 , . . . , vi−1 are on the same side of Li+1 .
So the arcs on the same side of Li+1 as the remaining vertices cannot contain M by Lemma 3 and can
therefore be trimmed. In this case at most one new
arc
�nis added
�i in each iteration. This gives a total of
k i=1 j=1 O(1) = O(n2 ) operations for any α-chain.
More generally the number of boundary arcs can increase exponentially until trimming is required in some
iteration of the boundary arc algorithm, after which the
growth rate tends to be linear. For any given n it is
possible to create an n-chain C with exponential boundary arc growth, though this can only be done with link
lengths that grow exponentially, ﬁxed angles approaching 180◦ , or both. These would not likely be present
in any modeling environment. As links are repeatedly
added to any given subchain trimming will eventually
occur. So as n → ∞ the complexity tends to O(n2 ).
References
[1] Nadia Benbernou and Joseph O’Rourke. On the
Maximum Span of Fixed-angle Chains. In Proc.
18th Conf. Comput. Geom., pages 93-96, 2006.

3. If i > 2 Go to Step 2.
4. Find M , the farthest point on O2 from v0 .
Use the maxpt algorithm. This is the maxpt of C.

[2] Joseph O’Rourke. How to Fold It: The Mathematics of Linkages, Origami, and Polyhedra. Cambridge University Press, Thm. 3.2, p. 46, 2011.

5. Find the maxspan. If M is an arc endpoint vn ()
then the maxspan is |v0 vn ()| and the maxspan conﬁguration is ﬂat. Otherwise M is on an arc centered
at vi () and the maxspan is |v0 vi ()| plus the radius
of this arc. The maxspan conﬁguration will have
one or more planar sections rotated out of Π1 .
6

[3] Michael Soss. Geometric and Computational Aspects of Molecular Reconﬁguration. Ph.D. thesis,
School of Comput. Sci., McGill Univ., 2001.
[4] M. Soss and G. T. Toussaint. Geometric and computational Aspects of Polymer Reconﬁguration. J.
Math. Chemistry, 27(4):303-318, 2000.

Computational Complexity

[5] Ciprian S. Borcea and Ileana Streinu.
Extremal Conﬁgurations of Manipulators with Revolute Joints.
Reconﬁgurable Mechanisms and
Robots. ASME/IFToMM International Conference
on. IEEE, 2009.

The operations fundamental to each step of the algorithm (reﬂecting a point about a line, determining if a
ray intersects an arc, etc.) are all constant time operations. The complexity of each step is then strictly
a function of the number of boundary arcs in each iteration, so as steps are repeated the complexity of the
algorithm as a whole depends on the rate of growth of
the number of boundary arcs. This is diﬃcult to determine in general since the number of boundary arcs may
increase or decrease in each iteration. The number of

[6] Ciprian S. Borcea and Ileana Streinu. Exact
Workspace Boundary by Extremal Reaches and
Extremal Reaches in Polynomial Time. Proceedings of the twenty-seventh annual symposium on
Computational geometry. ACM, 2011.

36

